We have developed a series expansion method for calculating the uniform magnetization, M , as a function of the applied field h for Heisenberg systems at T = 0. The method involves introducing Ising anisotropy along the z-axis together with an applied uniform field along the x-axis. On extrapolation to the isotropic limit, one recovers the magnetization for the Heisenberg system with an applied field along the x-axis. This method circumvents the difficulties in developing perturbation theory associated with the commuting nature of the uniform field. The results developed for two-chain ladders appropriate for the material Cu 2 (C 5 H 12 N 2 ) 2 Cl 4 are in good agreement with the experimental data. In addition, uniform susceptibility is calculated by high temperature expansions and also compared with the experimental data.
Recently several spin-ladder materials have been discovered, which exhibit properties characteristic of one-dimensional systems [1, 2] . The material Cu 2 (C 5 H 12 N 2 ) 2 Cl 4 represents a particularly simple Heisenberg spin-system from a theoretical point of view as it forms [3] a spin-ladder with the inter-chain coupling, J ⊥ much larger than the intra-chain coupling, J // , making it ideally suited for perturbation theory and for testing out quantitative theoretical calculations. For this system, the nuclear relaxation rate 1/T 1 along with the Knight shift and field dependent magnetization have been measured by Levy et al. Here, we would like to study this system by series expansion method and in particular try out a new method for calculating field dependent properties of the Heisenberg spin systems.
In recent years series expansion methods have played a significant role in studying magnetic properties of quantum spin models and real materials [4, 5] . In addition to high temperature expansions, a variety of T = 0 perturbation expansions have been developed to study quantum spin Hamiltonians. Important technical advances have been made in calculating the excitation spectra by these methods [6] .
One general problem that, to our knowledge, has not been considered before is related to dependence on properties associated with a commuting variable. Example of such variables are chemical potential and uniform magnetic field. The difficulty posed by such variables is that at T = 0 different values of magnetization or density lead to different sectors of the Hilbert space, which are not connected to each other. Thus, naively, one would need to consider all different sectors of the Hilbert space to find the global minimum and hence determine the dependence on these fields. This is clearly a formidable task.
Here we circumvent this difficulty by explicitly breaking the symmetry at intermediate stages of the calculation. For the Heisenberg-Ising model in a transverse field, the field term no longer commutes with the Hamiltonian. By series extrapolation, we recover the properties of the Heisenberg limit, where the field term does commute with the Hamiltonian. It is assumed that by the limiting procedure, implicit in the series analysis, the global ground-state with respect to all possible magnetizations is obtained in the Heisenberg limit. Comparison with experimental data confirms that this is a valid procedure for calculating the field dependent properties.
We begin with the spin-ladder Hamiltonian in an external field
where H l represents the spin-ladder Hamiltonian in zero field. High temperature expansions for the system with J ⊥ = J // , as well as T = 0 Ising and Dimer expansions for this model for h = 0 have been discussed earlier [7] .
Here, in order to compare with the experimental data for Cu 2 (C 5 H 12 N 2 ) 2 Cl 4 , and determine the exchange constants for the system, we calculate the high temperature series for uniform susceptibility χ(T ) with arbitrary y 2 ≡ J // /J ⊥ . The series coefficients are given in table 1. To make the comparison easier, we take J ⊥ /J // = 5, a value inferred earlier by Levy et al. [3] . Since the susceptibility is presented in arbitrary units, we are left with two fitting parameters: an overall magnitude of χ is set by a free parameter, whereas the fit of the temperature scale is controlled by the exchange constant J ⊥ . We find that the best fit is obtained with J ⊥ = 13.96K. Comparison with experimental data is shown in Fig. 1 and verifies previous assertions that the above model with J ⊥ /J // = 5 is appropriate for the material under consideration.
In this paper we are primarily interested in T = 0 field dependent magnetization. The properties in zero field including the spin-gap is most accurately calculated by the dimer expansions. The gap is estimated to be ∆ = 4.10855J // . However, as discussed earlier, this expansion is not suitable for calculating the field dependent properties. Instead, we consider the following model which depends on the parameter λ,
where S l,i denotes the S=1/2 spin at the ith site of the lth chain. Notice that the staggered field terms (the terms with coefficient t) are simply added to improve convergence, and we adjust the coefficient t to get the smoothest terms in series with a typical value being t = 2J ⊥ . For λ = 1 the model reduces to the spin-ladder Heisenberg model in a uniform field. However, for λ < 1, the field term does not commute with the Hamiltonian and thus mixes states with different magnetization. In practice, the only complication this brings is that the dimensionality of Hilbert space for a given graph that needs to be considered is increased.
We have obtained the expansions for uniform magnetization M, the expectation value of 1/N l,i S x l,i in the ground state, up to order λ 14 for a range of field values (the series coefficients for several h/J // values are presented in Table 2 ), the calculations involved a list of 2767 linked cluster of up to 14 sites. The resulting series are extrapolated to the Heisenberg point by Padé and differential approximants [8] . The resulting plots for the magnetization are shown in Fig. 2 . It is encouraging that the magnetization appears to go to zero at the onset field, h c1 = 4.10855J // known accurately from the gap calculated from the dimer expansions. Although, the dependence of the magnetization on the field is linear for most of the field values, near the onset field h c1 , it can be fit to a power law behavior
Using the accurately known h c1 and performing two-point fits leads to the estimates β = 0.55(10) and c = 0.18(3), consistent with theoretical expectations [9] . Near the upper critical field h c2 , where the magnetization saturates to the maximum value of 1/2, our results become less accurate, making it difficult to obtain any critical exponents. The ratio h c2 /h c1 is ≈ 1.8 in our calculations, which is close to the experimental value of 1.7. The full plots are in reasonable agreement with the experimental data. Conclusions: In this paper, we have developed a series expansion method for calculating the field dependent properties of the Heisenberg model. The method is shown to work well for the spin-ladder system and provides a good description for the material Cu 2 (C 5 H 12 N 2 ) 2 Cl 4 . In future, we hope to use this method to study the field dependent properties of the Heisenberg models in other geometries. 
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